This paper is published as part of a PCCP Themed Issue on:

Explicit-r;, Correlation Methods and Local Correlation Methods

Guest Editors: Hans-Joachim Werner and Peter Gill

Editorial

Explicit-ri» correlation methods and local correlation
methods

Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b808067b

Papers

Slater-type geminals in explicitly-correlated perturbation
theory: application to n-alkanols and analysis of errors and
basis-set requirements

Sebastian Hofener, Florian A. Bischoff, Andreas GI6R and Wim
Klopper, Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b803575]

Accurate calculations of intermolecular interaction energies
using explicitly correlated wave functions

Implementation of the CCSD(T)-F12 method using cusp
conditions

Denis Bokhan, Seiichiro Ten-no and Jozef Noga, Phys. Chem.
Chem. Phys., 2008

DOI: 10.1039/b803426p

Analysis of non-covalent interactions in (bio)organic
molecules using orbital-partitioned localized MP2

Stefan Grimme, Christian Mick-Lichtenfeld and Jens Antony,
Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b803508¢c

Tighter multipole-based integral estimates and parallel
implementation of linear-scaling AO-MP2 theory

Bernd Doser, Daniel S. Lambrecht and Christian Ochsenfeld,
Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b804110e

Local correlation domains for coupled cluster theory: optical

rotation and magnetic-field perturbations

Nicholas J. Russ and T. Daniel Crawford, Phys. Chem. Chem.
Phys., 2008

DOI: 10.1039/b804119a

Local and density fitting approximations within the short-
range/long-range hybrid scheme: application to large non-
bonded complexes

Erich Goll, Thierry Leininger, Frederick R. Manby, Alexander
Mitrushchenkov, Hans-Joachim Werner and Hermann Stoll,
Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b8046729g

Equations of explicitly-correlated coupled-cluster methods
Toru Shiozaki, Muneaki Kamiya, So Hirata and Edward F.
Valeev, Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b803704n

Vanadium oxide compounds with guantum Monte Carlo
Annika Bande and Arne Lichow, Phys. Chem. Chem. Phys.,
2008

DOI: 10.1039/b8035719g

Second-order Mgller—Plesset calculations on the water

molecule using Gaussian-type orbital and Gaussian-type

geminal theory
Pal Dahle, Trygve Helgaker, Dan Jonsson and Peter R. Taylor,

Phys. Chem. Chem. Phys., 2008
DOI: 10.1039/b803577f

The Y- states of the molecular hydrogen
Jacek Komasa, Phys. Chem. Chem. Phys., 2008
DOI: 10.1039/b803548b

Oliver Marchetti and Hans-Joachim Werner, Phys. Chem. Chem.
Phys., 2008
DOI: 10.1039/b804334€

Variational formulation of perturbative explicitly-correlated
coupled-cluster methods

Martin Torheyden and Edward F. Valeev, Phys. Chem. Chem.
Phys., 2008

DOI: 10.1039/b803620a

Resolution of the identity atomic orbital Laplace transformed
second order Mgller—Plesset theory for nonconducting
periodic systems

Artur F. Izmaylov and Gustavo E. Scuseria, Phys. Chem. Chem.
Phys., 2008

DOI: 10.1039/b803274m

On the use of the Laplace transform in local correlation
methods

Danylo Kats, Denis Usvyat and Martin Schitz, Phys. Chem. Chem.
Phys., 2008

DOI: 10.1039/b802993h

Intracule densities in the strong-interaction limit of density
functional theory

Paola Gori-Giorgi, Michael Seidl and Andreas Savin, Phys. Chem.
Chem. Phys., 2008

DOI: 10.1039/b803709b

Intracule functional models

Part Ill. The dot intracule and its Fourier transform

Yves A. Bernard, Deborah L. Crittenden and Peter M. W. Gill,
Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b803919d

Density matrix renormalisation group Lagrangians
Garnet Kin-Lic Chan, Phys. Chem. Chem. Phys., 2008
DOI: 10.1039/b805292¢

The interaction of carbohydrates and amino acids with
aromatic systems studied by density functional and semi-
empirical molecular orbital calculations with dispersion
corrections

Raman Sharma, Jonathan P. McNamara, Rajesh K. Raju, Mark A.
Vincent, lan H. Hillier and Claudio A. Morgado, Phys. Chem.
Chem. Phys., 2008, 10, 2767

The principle-quantum-number (and the radial-quantum-
number) expansion of the correlation energy of two-electron
atoms

Werner Kutzelnigg, Phys. Chem. Chem. Phys., 2008

DOI: 10.1039/b805284k



http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803548b
http://www.rsc.org/Publishing/Journals/CP/article.asp?JournalCode=CP&SubYear=2008&type=Issue&Issue=23
http://www.rsc.org/Publishing/Journals/CP/article.asp?JournalCode=CP&SubYear=2008&type=Issue&Issue=23
http://www.rsc.org/Publishing/Journals/CP/article.asp?JournalCode=CP&SubYear=2008&type=Issue&Issue=23
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b808067b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b808067b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b808067b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b808067b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b808067b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803426p
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803426p
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803426p
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803508c
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803508c
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803508c
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804110e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804110e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804110e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804119a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804119a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804119a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804672g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804672g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804672g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804672g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803704n
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803704n
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803571g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803571g
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803577f
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803577f
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803577f
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803577f
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803548b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803548b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803548b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803548b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803575j
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803575j
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803575j
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803575j
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804334e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804334e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b804334e
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803620a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803620a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803620a
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803274m
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803274m
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803274m
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803274m
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b802993h
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b802993h
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b802993h
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803709b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803709b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803709b
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803919d
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803919d
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b803919d
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805292c
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805292c
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b719764k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b719764k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b719764k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b719764k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805284k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805284k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805284k
http://www.rsc.org/Publishing/Journals/CP/article.asp?doi=b805284k

PAPER

www.rsc.org/pccp | Physical Chemistry Chemical Physics

Intracule densities in the strong-interaction limit of density functional

theory

Paola Gori-Giorgi,** Michael Seidl® and Andreas Savin“

Received 3rd March 2008, Accepted 27th March 2008

First published as an Advance Article on the web 30th April 2008

DOI: 10.1039/b803709b

The correlation energy in density functional theory can be expressed exactly in terms of the
change in the probability of finding two electrons at a given distance r|, (intracule density) when
the electron—electron interaction is multiplied by a real parameter 1 varying between 0
(Kohn—Sham system) and 1 (physical system). In this process, usually called adiabatic connection,
the one-electron density is (ideally) kept fixed by a suitable local one-body potential. While an

accurate intracule density of the physical system can only be obtained from expensive
wavefunction-based calculations, being able to construct good models starting from Kohn—-Sham
ingredients would highly improve the accuracy of density functional calculations. To this purpose,
we investigate the intracule density in the A — oo limit of the adiabatic connection. This strong-
interaction limit of density functional theory turns out to be, like the opposite non-interacting

Kohn—Sham limit, mathematically simple and can be entirely constructed from the knowledge of
the one-electron density. We develop here the theoretical framework and, using accurate
correlated one-electron densities, we calculate the intracule densities in the strong interaction limit
for few atoms. Comparison of our results with the corresponding Kohn—Sham and physical
quantities provides useful hints for building approximate intracule densities along the adiabatic

connection of density functional theory.

1. Introduction

Kohn-Sham (KS) density functional theory (DFT) (see, e.g.,
ref. 1) is a successful method for electronic structure calcula-
tions, thanks to its unique combination of low computational
cost and reasonable accuracy. In the Kohn—Sham formalism,
the total energy of a many-electron system in the external
potential Ve = > ivne(r;) is rewritten as a functional of the
one-electron density p(r),

Ep] = Tp] + Ulp]l + Exlpl + [drv,(r)p@). (1.1)

In eqn (1.1), Typ] is the kinetic energy of a non-interacting
system of fermions (usually called KS system) having the same
one-electron density p of the physical, interacting, system. The
Hartree energy Ulp] is the classical repulsion energy, Ulp] = %
Jdr [dr' p(r)p(r')r #|7!', and the exchange—correlation
3440functional Ey[p] must be approximated.

Despite its success in scientific areas ranging from material
science to biology, DFT is far from being perfect, and a huge
effort is put nowadays in trying to improve the approxima-
tions for E,[p] (for recent reviews see, e.g., ref. 2 and 3). The
focus of a large part of the scientific community working in
this area has shifted from seeking explicit functionals of the
density (like the generalized gradient approximations—GGA),
to implicit functionals, typically using the exact exchange
E\[p], which is only explicitly known in terms of the
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Kohn-Sham orbitals ¢,(r) (for a recent review, see ref. 4). In
this framework, although DFT was originally formulated as a
method ““without wavefunction”, it might be natural to go
back and actually think of DFT approximations in terms of
model wavefunctions. This way of thinking can be very helpful
for building approximations, and for combining DFT with
other many-body methods (see, e.g., ref. 5-14]).

The adiabatic connection formalism (for a review, see ref.
15) is a useful tool to think of DFT functionals in terms of
wavefunctions. In its simpler and original version,'®'® the
electron—electron repulsion operator V,. in the N-electron
hamiltonian H (in Hartree atomic units used throughout),

. PN N . N V2
H:T+V¢>6+Vnev T=— 2”,'7
i=1
(12)
. N 1 . N
Vte = Z ) Vm = Zvne(rt)7

is multiplied by a real parameter 4, which varies between 0 and
1. At the same time, the external potential v,,.(r) is replaced by
another local potential, v*(r), determined by the condition
(allowed by the Hohenberg-Kohn theorems,'® if p is v-repre-
sentable for all /) that the one-electron density p(r) does not
change with A. In this way, we define a set of hamiltonians H,

H- =T+ IV, + V4 p*r) = p(r) VA (1.3)
all having the same p(r) as the one of the physical hamiltonian
of eqn (1.2). In particular, at 4 = 0 we have the KS

hamiltonian, i.e., the hamiltonian of a non-interacting system
of fermions with the same density of the physical system, and

3440 | Phys. Chem. Chem. Phys., 2008, 10, 3440-3446
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vV =O%r) = vgs(r), the familiar Kohn—Sham potential. If we
denote by ¥* the ground-state wavefunctions of each hamil-
tonian H* of eqn (1.3), we easily find

Tlp] = (¥~ °|T1¥*7°) (1.4)
Elpl = (P*7 V. [¥*=% — Ulp] (1.5)
Elp]l = [6(PHV..|P"dA — EJp] — Ulpl, (1.6)

where P*=° is, in most cases, a single Slater determinant
formed by the KS orbitals ¢,.

Eqn (1.5) and (1.6) can be rewritten in terms of the intracule
density /(r») (also called in the DFT community spherically
and system-averaged pair density), which was first introduced
in the historical paper of Coulson and Neilson.>® Since then,
1(r1») has been used by several authors to understand electro-
nic correlation both in density functional theory (see, e.g., ref.
18, 21 and 22) and in post-Hartree—Fock methods (see, e.g.,
ref. 23-30). Given an N-electron wavefunction ¥, the intracule
density I(ry») is defined as the integral of | ¥|? over all variables
but ri; = [r; — 12,

1(!’12) =
N(N -1 , _
( 2 ) Z j|lp(r127R7r37~~~7VN)|2C1$2%deV3...dl’N7
G1..0N
(1.7)
where ri» = r; — ry, and R = §(r; + ry). Here we have

normalized /(r,) to the number of electron pairs. The quantity
I(r12)4mr3, is proportional to the probability distribution for
the electron—electron distance in the state described by the
wavefunction ¥. Gill and coworkers®'>* have defined an
interesting “‘family of intracules”, and made the hypothesis
that the correlation energy of Hartree—Fock theory can be
approximated as a linear functional of one of these intracules.

In terms of the intracule densities I*(r;,) associated to each
wavefunction ¥* of the adiabatic connection of eqn (1.3), the
Kohn-Sham correlation energy E.[p] of eqn (1.6) can be
rewritten exactly as

2

= fol da ﬁ;)c dr124nr12[1k(1’12) — IKZO(I‘Q)]. (]8)

1 ~
Elp] :/0 Q. [ dryy Pz 0re)

Correlation in Kohn—-Sham DFT is thus fully determined by
the change in the intracule density when the electron—electron
interaction is turned on with the one-electron density p(r)
fixed. The difference I).=1(r12) - I’lzo(rlz) determines the
correction due to correlation to the expectation of V.., and
the integration over A recovers the correction to the expecta-
tion of 7. By construction, there is no correction to the
expectation of V.

Starting from the observation that I(ri;) couples to the
operator V,, in the same way as p(r) couples to V,., i.c., that
the expectations (| V,ol®) and (¥|V,,|¥) are given by linear
functionals of p(r) and I(r|,), respectively,

(7| I}rw |P) = fd"vne(")p(r)v

. (1.9)
(P Vee |P) = fdr12 tl("u)»

it is possible to derive an exact formalism>>~>° in which a set of

effective equations for each I*(rj») along the DFT adiabatic
connection is coupled to the KS equations to generate the
correlation energy from eqn (1.8). In this computational
scheme one needs to make two approximations:

1. the exact equation for I“(r;,) involves the solution of a
many-body problem for a cluster of interacting fermions,*®
which is approximated with a radial Schrédinger equation
for /I*(r12),> possibly divided into effective geminals
)7

(= V7, + whi(rio)lgl (r2) = e g} (1),

§ - Ne o , (1.10)
M) =) vilgt )l

i=1

for which one needs to choose the number N, and the
occupancy v;

2. an approximation for wl(r1») needs to be designed.

As far as point 1 is concerned, we can say that the choice
N, = 1 is always possible,®® and yields good results in the
uniform electron gas when combined with an approximation
for wlg(ri») inspired to the Fermi-hypernetted-chain ap-
proach.*' Again in the case of the uniform electron gas, the
choice of a determinant-like occupancy for the effective gem-
inals (Ng = N(N — 1)/2, v; = 1 (3) for even (odd) relative
angular momentum states) yields accurate results with much
simpler approximations for wi(r1»).*>** In general, the choice
of using localized geminals would make it easier to impose size
consistency.

Regarding point 2, the basic idea is to write wlg(r1») as

Wéff(hz) = wéf:fo(rlz) + é + wi(mg). (1.11)
The interaction wig 0(rl ») is the one that, when inserted into
eqn (1.10), yields the intracule density of the KS system,
I*=%r15), which can be constructed by inserting the KS Slater
determinant into eqn (1.7). In this step, the analytical integrals
developed by Gill and coworkers®' >* to calculate Hartree—
Fock intracules may turn extremely useful. In eqn (1.11) the
term A/ri, ensures that the corresponding I“(r;») satisfies the
electron—electron cusp condition (see, e.g., ref. 43). We then
need to approximate w’(r1,), an effective potential that should
essentially “tell” the intracule density that, while the electro-
n—electron interaction is turned on, the one-electron density
p(r) does not change. As the information on p(r) has been
“washed away” in the integration over the center of mass R of
eqn (1.7), this constraint can be imposed only in an approx-
imate way. For two-electron systems, for which eqn (1.10) is
exact with one geminal, simple approximations (based on the
same ideas used in the uniform electron gas) for w(ri») give
accurate results.>>=373®

To go one step further, that is being able to construct
approximations that work for many-electron systems of nonuni-
form density, a crucial issue is to investigate the effect on T(ry5) of
the constraint of fixed p(r) as 4 increases. To this purpose, in this
paper we address the following question: what happens to F(r1»)
when 4 — o0? Although at first glance this question may seem
purely academic, there are several reasons for investigating this

This journal is © the Owner Societies 2008
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strong-interaction limit of DFT. The intracule density of the
physical system (4 = 1) can be obtained only from expensive
wavefunction-based calculations (see, e.g., ref. 4446 and refer-
ences therein), while in the 2 — oo limit the many-electron
problem becomes mathematically simple, and we have recently
shown?’ that a solution can be constructed starting from the
density p(r) only. The 4 — oo limit tells us what is the maximum
extent to which the electrons can avoid each other without
breaking the constraint of being in the given density p(r). This
information can be very useful for constructing approximations.
Last but not least, the strong interaction limit can be used to build
interpolations between the non-interacting KS limit (A = 0)
and the 2 — oo limit, yielding an approximation for the physical
(A = 1) system.®®

This paper is organized as follows. In section II we derive
and discuss the equations needed to calculate the intracule
density in the strong-interaction limit (A — o0) of DFT. In
section III, we apply the equations of section II to calculate the
A — oo intracule densities of small atoms, by using accurate
correlated one-electron densities p(r) as input. The results are
then analyzed and discussed in section IV, and the last section
V is devoted to conclusions and perspectives.

2. Theory

The strong-interaction limit of DFT is defined by the 2 — oo
limit of the hamiltonians of eqn (1.3).#”**% The mathematical
details of this limit can be found in ref. 47 Here, we briefly
summarize the physical ideas that lie behind the theory, only
reporting the equations that will be used in the following sections.

As A grows, the electrons repel each other more and more
strongly. However, they are forced by the external potential V/*
of eqn (1.3) to yield the density p(r). As A — o0, it can be
shown*”#*-%° that, in order to keep the electrons in the density
p(r), V* must be proportional to 4, ¥~ % — AV. In this limit,
the kinetic energy becomes negligible (of orders v/7 °°), and the
solution of H*~* reduces to a classical equilibrium problem
for the 3N dimensional function

N 1 N

Epot(r1, ... rn) = 2 =l + Z:v(r,)7
i>j=1 i=1 (212)
Ay
v(r) = lim V—(')
i—oo A

The square of the corresponding wavefunction, |pi= )2,
becomes a distribution that is zero everywhere except in the
configurations (rﬁo),...,rw)) for which Epo(ri,....ry) has its
absolute minimum. Typically, for a reasonable attractive
potential v(r), E,o has a discrete set of minimizing configura-
tions. In this case, however, the density corresponding to
[P*~*12 would be given by a sum of peaks centered in the
minimizing positions +?, p(r) oc >0 — #). In order to get
a smooth density like the one we find in the quantum
mechanical problem at 4 = 1, we need a special potential
v(r) in eqn (2.12): the potential v(r) must make the minimum
of the 3N-dimensional function E,, degenerate over the 3-D
subspace M*

M = {ri = r,ry = fo(r),...¢ry = fa(¥), r € P}, (2.13)

where P is the region of space in which p(r) # 0. From the
physical point of view, the distribution N Zadd |2, which is zero
everywhere except on M, describes a state in which the
position of one of the electrons can be freely chosen in P,
but it then fixes the positions of all the other N — 1 electrons
via the co-motion functions fi(r).*’ The strong-interaction limit
of DFT is thus the generalization of the more familiar Wigner-
crystal state to smooth densities. In the Wigner crystal state, in
fact, the constraint of having a given density is relaxed, and
p(r) becomes typically proportional to Y 0(r — #), losing any
resemblance with the quantum mechanical A = 1 density of
atoms and molecules.

From the condition that Ep, has its minimum over the
entire subspace M and that the electrons be indistinguishable,
one finds that the co-motion functions f;(r) must satisfy special
properties, which are reported in ref. 47. To determine the co-
motion functions from the density p(r), we use the observa-
tion*’ that, since the position of the first electron determines
the positions of all the others, the probability of finding the
first electron in the volume element dr around the position r
must be the same as finding the ith electron in the volume
element dfj(r) around the position fi(r). This means that all the
co-motion functions f}(r) must satisfy the differential equation

p(fir))dfi(r) = p(r)dr,i = 2,...,N.

In order to construct the co-motion functions we thus have to
find the initial conditions for the integration of (2.14) which
also satisfy the properties reported in ref. 47, and yield the
minimum of the corresponding E,,. An example of such
calculations for spherical densities is carried out in ref. 47.
The strong interaction limit of DFT is thus entirely determined
by the co-motion functions fi(r), which can be constructed
from the density via eqn (2.14).

To obtain the intracule density (r12) corresponding to
the distribution \‘I”Hw\z, we have to consider that the
electron—electron distance only depends on the position of
the first electron, r. By defining the N(NV — 1)/2 distances d(r)
for which |¥*~ %% is non zero,

di(r) = [fir) = [, i.j = 1...N, i<]j

(with fi(r) = r), and by considering that each position r has a
probability 1p(r),*” we obtain

(2.14)

I/l—»r/;

(2.15)

N
A, I () = JdrBa(r — dy(r)).

i>j=1

(2.16)

3. Application to atoms

We consider here the case of spherical densities, and we apply
eqn (2.16) to few atoms. When p(r) = p(r), the A - o
problem can be separated into an angular part and a radial
part.*’ The distance r from the nucleus of one of the electrons
can be freely chosen, and it then determines the distances from
the nucleus of all the other N — 1 electrons via radial co-
motion functions fi(r), as well as all the relative angles a;(r)
between the electrons.*” The radial co-motion functions f{(r)
can be constructed as follows.*” Define an integer index k
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running for odd N from 1 to (N — 1)/2, and for even N from
1 to (N — 2)/2. Then

_ N;1(2k —No(r)) r<ax
o) = { NU(No(r) = 2k) r>a22/:
. _ N;YN,(r) + 2k) r<ay-
S (r) = { N;Y2N — 2k — No(r)) r>aNAizik, (3.17)
where a; = N,”'(i),
Nor) = [odnx®p(x)dx, (3.18)

and N,~'(y) is the inverse function of N,(r). For odd N, these
equations give all the needed N — 1 radial co-motion func-
tions, while for even N we have to add the last function,

fau() = NYN = N). (3.19)

The relative angles a;(r) between the electrons can be found by
minimizing numerically the electron—electron repulsion energy
S+ [ = 2f(n)fir)cos ;) 2 The radial co-
motion functions of eqn (3.17)—(3.19), satisfy eqn (2.14) for
spherically symmetric p,

Anfi()p(f)I (Dldr = 4nrp(rdr,

and, together with the minimizing angles «;(r), yield the
minimum of Ep, of eqn (2.12) for spherically symmetric
v(r).*" Physically, the solution of eqn (3.17)~(3.19) makes the
N electrons always be in N different spherical shells, each of
which contains, on average in the quantum mechanical pro-
blem (at A = 1), one electron. In the / — oo limit, the
electrons become strictly correlated, and all fluctuations are
suppressed (see, e.g., ref. 51): the space is divided into N
regions, each of which always contains exactly one electron.
Solutions with double-shell occupancies that also satisfy eqn
(3.20) can be found, but they are maxima for the correspond-
ing E,,. They become minima in the case of harmonic
interactions (see the Appendix of ref. 47, and the note added
in proof).

For spherically symmetric densities, the electron—electron
distances of eqn (2.15) then become

dy(r) = i) + 50 = 261 () cos ay(0).

We can invert eqn (3.21) (if d;(r) is non monotonous we have
to invert each monotonous branch separately), and simplify
eqn (2.16) into

(3.20)

(3.21)

N
4, IV (rn) = Z Uy (ro))ldj(dy (r2)) 7"
= (3.22)
dnr?p(r)

As a starting point, it is instructive to analyze the simple
case of the He atom. Here, we have used the accurate varia-
tional wavefunction of ref. 52 (see also ref. 35 and 53) to
generate the density p(r), from which I~ “(ry») is constructed.
From the same accurate variational wavefunction, we have
also computed the intracules of the KS system (see ref. 35),
I“~%%r1»), and of the physical system, I*~ !(r1,), which will be
compared to I*~ “(ry5). When N = 2, in the A —> oo limit the

<
o
~—a
10 = 2a, He
05r l 1
0 L L L L L L L
0 051 15 2 25 3 35 4

r

Fig. 1 The electron—electron distance d;, for the He atom density in
the strong-interaction limit of DFT. d, is, in this limit, completely
determined by the distance r from the nucleus of one of the two
electrons, di» = dj»(r). The value r = a;, for which d,(r) has its
minimum, corresponds to the radius of the sphere containing,
on average in the quantum mechanical problem, one electron,

al

4l p(r)dr = 1. All quantities in Hartree atomic units.

relative angle between the electrons becomes always o, =
(maximum angular correlation), and we have only one co-
motion function, f5(r), which fully determines the electron—
electron distance,*’>°

fr) = N7'Q = Nr)), dia(r) = 7 + fa(r).

The function d;,(r) is reported in Fig. 1. It has a minimum for
r = a, = N,”'(1), the radius of the shell containing, on average
in the quantum mechanical problem, one electron. We have
fr(a)) = ay, and dj5(a;) = 2a;. The two electrons, thus, never
get closer than 2ay, so that 1’1”“(1*12 < 2a;) = 0. From the
indistinguishability of the two electrons, we have the prop-
erty*>® £(f5(r)) = r, which, when combined with eqn (3.20),
shows that the two invertible branches of d,(r) (corresponding
to 0 < r<a; and to r > a) give the same contribution to eqn
(3.22). We can thus just invert the function d\5(r) in r € [0, a;]
and multiply the result by 2. This is a general property, also
valid for N > 2:*7 we can always invert the functions di{r) in the
domain r € [0, ], and then multiply the result by N. In Fig. 2
we report the intracule densities of the He atom for 4 = 0 (KS),
J = 1 (physical) and A — 0. Because d1»'(a;) = 0, I*”“(r1)

(3.23)

0.24

0.2},
0.16} ]
0.42]-..
0.08}
0.04}

1"(rq2)

ey

156 2 25 3 35

12

Fig.2 The intracule density of the He atom along the linear adiabatic
connection of DFT: the three intracules correspond to three systems
with the same one-electron density p(r) and electron—electron interac-
tion A/ry>. The intracules at 2 = 0 (KS system) and 4 = 1 (physical
system) have been constructed from the accurate variational wave-
function of ref. 52 (see also ref. 35 and 53). The intracule at 2 = oo is
obtained in this work, as described in the text. All quantities are given
in Hartree atomic units.
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0 I L L L
0 0.1 0.2 0.3 04 0.5

Fig. 3 The electron—electron distances dj; for the Li atom density in
the strong-interaction limit of DFT. The distances d; are, in this limit,
completely determined by the distance r from the nucleus of one of the
electrons, d;; = dy(r). The value of r is varied here between 0 and a,
the radius of the sphere containing, on average in the quantum
mechanical problem, one electron, | “Unp(r)dr = 1. As explained
in the text, the case r > a; does not need to be considered, since it
simply corresponds to interchanging two or more electrons, yielding
the same values for the electron—electron distances. All quantities are
given in Hartree atomic units.

. . N
has an integrable divergence when r;, — 2a; ',

pla)*?

4r? Ix“m(r12)| ,
. —p'(a@)(r12 — 2a1)

1'12—*2511+ -

(3.24)

p(r) = 2020 (r).

Divergences come from the fact that the quantities we calcu-
late here are the distributions towards which the physical
quantities tend when A — oo. This aspect is clarified with a
simple example in the Appendix of ref. 47.

Using eqn (3.17)—(3.19), we have calculated the electron—
electron distances d;i(r) of eqn (3.21) for Li, Be and Ne. For the
Li atom, we have used the fully correlated density of Bunge,>*
and for the Be and the Ne atoms the accurate densities of ref.
55. All calculations are done numerically, on a grid. In Fig. 3
and 4, we report di(r) for Li and Be when 0 < r < ay.
Electrons are labeled with numbers 1, 2, 3,..., meaning that
electron 1 is in the shell 0 < r < qy, electron 2 is in the shell
ay < f5(r) < a, and so on. Correspondingly, the distances are
labeled 1-2, 1-3, etc. As discussed for the case of the He atom
(for further details see ref. 47), we only need to consider N
times this situation, since exchanging two or more electrons
always corresponds to the same physics, and thus to the same
values of the electron—electron distances.

di0)
O =N W Hh 1 O N ©

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
r

Fig. 4 Same as Fig. 3 for the Be atom density.

-

(4]
T
>

2 (A,
4 7ry° 1%(ry0)

o
3

(=]

o R T

Fig. 5 The intracule density of the Be atom multiplied by the volume
element 4717, along the linear adiabatic connection of DFT: the three
intracules correspond to three systems with the same one-electron
density p(r) and electron—electron interaction A/rj,. The intracule at
A = 0 (KS system) has been obtained from the accurate KS potential
of ref. 55 and the intracule at A = 1 (physical system) is taken from ref.
44. The intracule at A = oo is calculated in this work, as described in
the text. All quantities are given in Hartree atomic units.

In Fig. 5 we show the intracule density multiplied by the
volume element 47r3> at . = 0, 4 = 1 and 4 —» oo for the Be
atom. The case of the Ne atom is displayed in Fig. 6, where we
show the intracule densities multiplied by 4mr;,: the area under
each curve gives the expectation (‘I’;‘\V(,g\?”l). In both cases,
the KS intracules at 4 = 0 have been constructed from the
accurate Kohn—Sham potentials of ref. 55, while the intracules
of the physical system (4 = 1) are obtained from variational
quantum Monte Carlo results.** Integrable divergences in the
A — oo intracules appear, as for the He atom case, at
electron—electron distances for which d’;(r) = 0. Notice that,
due to the strict correlation at A — oo, there is a finite
minimum distance 7™ > 0 between any pair of electrons,
so that Ii_”c(rlz) = 0 when ry, is less than the smallest of
the rE-‘i“.

4. Discussion of results

The 2 — oo limit of DFT describes the case of maximal
angular correlation and maximal radial correlation between

N
o

A
41rp 17(ry0)

w

o

Ne -

0 L !

0 05 1 15 2 25 3 35

12

Fig. 6 The intracule density of the Ne atom multiplied by 4mr,, along
the linear adiabatic connection of DFT: the three intracules corre-
spond to three systems with the same one-electron density p(r) and
electron—electron interaction 4/ry,. The intracule at A = 0 (KS system)
has been obtained from the accurate KS potential of ref. 55 and the
intracule at 4 = 1 (physical system) is taken from ref. 44. The intracule
at A = oo is calculated in this work, as described in the text. The area
under each curve gives the expectation {'1”“\ V.ol '}’;‘>. All quantities are
given in Hartree atomic units.
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the electrons, compatible with the constraint that the prob-
ability of finding one electron at postion r be equal to p(r)dr,
where the density p(r) corresponds to the quantum mechanical
hamiltonian of eqn (1.2). For atoms, we see from Fig. 2, 5 and
6 that the intracule of the physical system (4 = 1) is much
closer to the KS intracule (A = 0) than to the 4 — oo limit, as
expected for weakly correlated systems. In more correlated
situations like stretched bonds, we can expect the 2 = 1 case to
be more in-between the 1 = 0 and the A — oo limits. The
investigation of such cases will be the object of future work.

What can we learn from the intracule densities in the 2 —
oo limit? As a first step, we have reconsidered the results of ref.
35 for the He-like ions. In that work, we had shown that a
good approximation for w? of eqn (1.11) was given by the
screening potential of a sphere of uniform density, charge 1,
and radius 7, to be determined,

4 N\ 7! A

A 3

T ~——r —dr.
we(r12) (3 ré) /‘r‘gy =] r

This approximation was first introduced by Overhauser for the
uniform electron gas,56 where 7y was set equal to the usual
density parameter r,, i.e., the radius of the sphere containing,
on average, one electron. In ref. 40 it was shown, by compar-
ison with quantum Monte Carlo results, that for the uniform
electron gas the Overhauser potential very accurately recovers
the short-range part (r;» < ry) of I(r3). For the He-like ions,

setting® 7P =4, where p is an average density,

s 41}/3’

(4.25)

1.8 .
16 core-core 1
1.4
1.2
1 q
08 | 1
06 i |} 1
04 H |4 A
0.2 , A i
1.8
16
14 -
1.2
1 L
0.8
0.6 r
04 - ]
02+ 7
0 L
1.8 ; T : : : :
1.6 r valence-valence 1
14 + 1
1.2 + 1
1 L 4
0.8 1
06 r
04 r
02 [ T 4

2.
47y 1%(ryo)

core-valence

2 A
41y 1M(ryp)

2
41y 1M(ryp)

0 Lo ; . ) ) . ——

Fig. 7 Be atom: the core—core, core-valence and valence—valence
contributions to the intracule densities at A = 0 and 4 = oo of Fig. 5.

p= % J drp(r)z, also yields accurate results for the short-range
part of I(ry,), with “on-top” values /(0) essentially indistin-
guishable from those coming from very accurate Hylleras-type
variational wavefunctions. Here, we realized that the values 7,
used in ref. 35 for the He-like ions are, within a few percent,
equal to the values a; of the radii of the sphere (centered in the
nucleus) containing on average one electron, thus making eqn
(4.25) work equally well for the uniform electron gas and for
the He series, with the same choice for the screening length 7.
As shown in the previous section, the value a; plays a special
role in the A — oo limit of the He-like ions. We can thus hope
to learn from the 4 — oo intracules something about “multi-
ple screening lengths” for approximating wi(r;,) for many-
electron systems of nonuniform density.

To this purpose, and with the idea in mind that to have a
size-consistent method we need to use localized geminals in
eqn (1.10), we have further analyzed our results by dividing
them into core—core, core—valence, and valence-valence con-
tributions, comparing the 4 — oo and the 4 = 0 case. We
consider here the Be and the Ne atoms. For the A — oo case,
the core—core contribution comes from the distance 1-2,
corresponding to the two electrons that are in the sphere
containing, on average in the quantum mechanical problem,
2 electrons. The distances of electrons 1 and 2 from the other
electrons define the core—valence contribution, and the rest is
the valence—valence part. For the KS system (4 = 0), we have
orbitals, so the three contributions are defined in the usual
way, using the quantum mechanical shells (1s> for core—core,

20 :
core-core
= 157 g
£
N 10 + i
e
~ N i
; h=oo ——
o il ‘ ,
20
=~ 157
£
~, 10+
e
< 5t
0L
20 . .
valence-valence
& 15¢ 4
(<‘:-, N o R ——
~, 10¢ A= — ]
s 5f ]
0 L . . .
0 1 2 3 4

f12

Fig. 8 Ne atom: the core—core, core—valence and valence—valence
contributions to the intracule densities at 4 = 0 and 2 = oo of Fig. 6.
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etc.). The three contibutions are shown in Fig. 7 for Be and in
Fig. 8 for Ne. In the core—valence case of Be, we see that the
extremely correlated 4 — oo limit differs from its KS counter-
part only in the short-range part, r;, < 2.5. The valence—
valence case of Be resembles the two-electron case of the He
atom. The core-valence and the valence—valence contributions
to the Ne atom also show, essentially, correlation of short-
range type, even in the extreme 4 — oo case. In our future
work, we plan to use these results to build and test approx-
imations for wf(rlz).

5. Conclusions and perspectives

We have calculated, for the first time, the intracule densities
for small atoms in the strong-interaction limit of density
functional theory. Our results can be useful to better under-
stand correlation in the density functional theory framework,
and to build approximations for correlation energy func-
tionals based on intracules. Our future work on this subject
will address several points:

1. The generalization of this calculation to non-spherical
densities.

2. The study of the next leading term in the 4 — oo limit,
thus including zero-point-motion oscillations.

3. The use of these results to fully develop the ideas of ref.
35-39, in which an approximation for the correlation energy in
density functional theory is constructed from effective
equations for the intracule density.

4. Last but not least, we will also investigate whether the
A — oo limit has some useful information on conceptual
chemistry, as suggested by an anonymous referee.

Note added in proof: we have recently become aware of an
interesting, related, research work.”’
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